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Abstract 
The scatter of fracture toughness in the ductile-brittle transition temperature region was experimentally examined on 
500 MPa class low carbon steel.  The Weibull distribution of the fracture toughness K(Jc) at -60
o
C showed the single 
modal distribution with the shape parameter of around 4.  The Weibull distributions of the K(Jc and Ju)s at -20
o
C and 
-10
o
C, however, showed the bilinear distributions with the elbow point.  The Weibull slopes below the elbow points 
were closed to the value of 4, but the slopes showed the transition to be smaller above the elbow points.  The bilinear 
Weibull distributions were discussed from the viewpoints of the constraint loss and the stable crack extension.  
However, the fracture surface observations revealed that the stable crack extension was the main factor that brought 
the bilinear Weibull distributions. The bilinear Weibull distributions could be qualitatively simulated by the analytical 
model with the consideration of the stable crack extension. 
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1.  Introduction 
Cleavage fracture toughness usually reveals a large scatter, and the statistical function of fracture 
toughness is treated as a weakest link analogy.  When the effective volume for cleavage fracture around 
the crack tip is supposed by a constant stress contour on the singular stress field, fracture toughness can be 
statistically formulated with two-parameter Weibull statistics with a constant Weibull slope [1, 2], which 
are 4 in Kc and 2 in Jc and c.  This concept leads to the statistical effect of thickness on cleavage fracture 
toughness and the statistical evaluation of fracture toughness using the limited number of specimens.  
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However, fracture toughness in the ductile-brittle transition temperature range could be affected by the 
factors of  (a) constraint loss, and (b) stable crack initiation, which the strong deformation of the crack tip 
induces.  In the present work, fracture toughness in the transition temperature range was experimentally 
examined on a 500 MPa class low carbon steel, and the effects of the yield scale and stable crack initiation 
on the statistical scatter of fracture toughness were discussed.  Beremin model [2] was also applied to the 
stably extending crack tip, and the statistical scatter transition of fracture toughness induced by stable 
crack initiation was also discussed with the experimental results. 
2. Experimental and numerical procedures 
The steel used in the present work is a 500 MPa class low carbon steel.  The chemical composition of 
the steel is C=0.16, Si=0.44, Mn=1.45, P=0.015 and S=0.002 in mass %.  The microstructure of the steel 
consists of ferrite and pearlite with an average ferrite grain size of 30m. 
Fracture toughness tests were conducted according to BS 7448 part1 [3].  The three point bend (3PB) 
specimens of two different in-plane dimensions, TP1(W=30mm) and TP2(W=15mm) with the same 
thickness of 15mm, were examined.  Fatigue pre-cracking was carefully controlled, and the pre-crack 
ratio, ao/W, was consequently confined between 0.50 and 0.53.  Fracture toughness was evaluated in terms 
of J-integral at the onset of unstable crack propagation.  The transition curve was measured from –70
o
C to 
–10
o
C and a number of specimens over ten were replicatedly fractured at three temperatures of –60
o
C, –
20
o
C and –10
o
C.  The ductile crack extension, a was measured on the fracture surface using a scanning 
electron microscope.  In the same way as the standardized CTOD qualification [3], obtained fracture 
toughness data was classified as Jc or Ju according to the stable crack extension, a, shorter than 0.2 mm 
or longer than 0.2 mm before unstable cleavage fracture.  In the present toughness tests, no specimens 
revealed plastic instability denoted by Jm.  Then, the fracture toughness results were discussed using the 
values of K(Jc) and K(Ju) converted from Jc and Ju on the assumption of the plane strain condition. 
3-D finite element analyses using the FEA-code ABAQUS were also conducted in order to discuss the 
effect of the crack tip blunting and the constraint loss on the Weibull distribution of fracture toughness. 
The standard 3PB with 1-inch thickness was modeled with fine meshed crack tip, and the empirical flow 
properties were supposed.  The relation between Weibull stress, w and K(J) were calculated.  The 
Weibull slope of K(Jc) was parametrically studied, supposing two parameter Weibull statistics for the 
critical Weibull stress. 
3. Experimental Results 
The temperature dependence of fracture toughness is shown in Fig. 1.  All of the specimens tested 
below –30
o
C resulted in K(Jc) without stable crack extension beyond 0.2 mm.  In the replicated toughness 
data set tested at –10
o
C and –20
o
C, K(Jc) and K(Ju) were mixed.  Although the two types of specimens 
with different dimensions were expected to induce a constraint effect on fracture toughness, no typical 
difference was observed in the fracture toughness transition between TP1 and TP2.   
The master curve was calculated from the replicated toughness data set tested at -60
o
C on the basis of 
ASTM E 1921 [4].  The reference temperature, To estimated from the valid eleven K(Jc)s was -71
o
C [5].  
Figure 3 includes the master curve prediction, which satisfactorily describes the experimental K(Jc).  
However, other fracture toughness data in K(Ju) is largely scattered in the higher toughness side from the 
master curve prediction. 
Figure 2 shows the Weibull plots of the replicated fracture toughness testings in the present work.  The 
test results at –60
o
C showed a good fit to the regression line of two-parameter Weibull distribution in the 
shape parameter of 4.  On the other hand, the other experimental results at both –20
o
C and –10
o
C showed 
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typical bilinear distributions [6,7] with the elbow points at K(Jc or Ju)=250~300 MPam
1/2
.  The Weibull 
slopes of the fracture toughness data smaller than the elbow points were almost equal to 4.  The deviation 
from the linear lines with a slope of 4 above the elbow points enhanced the large scatter in these datasets.  
Because the Weibull slope coincides with specified fracture statistics, a bilinear distribution in the present 
results indicates the statistical toughness transition at the elbow points as denoted by “ELBp1”, “ELBp2” 
and “ELBp3” in Fig. 2.  This extrapolating trend above the elbow points appears to be dependent on the 
specimen size.  Specimen TP1 with enough ligament size showed a rather clear bilinear Weibull plot.  The 
small ligament of TP2 could set the upper bounds of fracture toughness.  This may be caused by different 
ligament sizes between TP1 and TP2 during stable crack extension.  
Figure 3 shows Jc or Ju values as plotted in Fig. 3 against a measured on each fracture surface, so 
called J-R curve.  The results at the different test temperatures in Fig. 3 revealed one unique relation.  The 
fracture toughness measurements of the elbow points denoted with “ELBp1”, “ELBp2” and “ELBp3” in 
Fig. 2 are also included in Fig. 3.  The transition in the Weibull statistics of fracture toughness K(Jc and 
Ju) shown in Fig. 2 appeared at a =0.2 mm and 0.3 mm in Fig. 3.  This result suggests that the threshold 
condition of “0.2 mm stable crack extension” between c and u in BSI [3] almost coincides with the 
statistical transition of fracture toughness. 
Fig. 2  Weibull plots of fracture toughness, K(Jc and Ju). 
Fig. 3.  Relation between fracture toughness and stable crack 
extension, a. 
Fig. 1.  Fracture toughness transition of steel tested. 
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4. Discussion 
The Weibull slope deviation from K(J)
4
 in the large K(J) side such like Fig. 2 can be also caused by the 
loss of constraint [8-10].  Both the constraint loss effect and the stable crack initiation effect on the 
Weibull slope deviation are probably overlapped in the experimental results of Fig. 2.  Here, the constraint 
loss effect on the Weibull slope is investigated using FEM solutions.   
Based on Beremin model [2], the cumulative fracture probability, PR, for the stressed fracture process 
zone is given by a function of Weibull stress, wm, in the following equation, where m and o are the 
shape parameter and the scale parameter, respectively. 
PR=1-exp{-(w/o)m}                                                                                                                       (1) 
  Supposing the fracture process zone with a constant stress contoured area in the crack tip stress field 
as a function of K
2
/r, J/r and/or /r, wm can be given as a function of fracture mechanics parameters, as 
follows; 
wm =C1 B·K4 =C2 B·J 2 =C3 B· 2                                                                                                     (2) 
where B is the specimen thickness, and C1, C2 and C3 are material constants.  Eq. (2), which was lead 
from the ideal singular stress field, suggests that fracture toughness can follow two-parameter Weibull 
distribution with a constant shape parameter: 4 in Kc, 2 in Jc and c [1,2].   
wm calculated from FEM solutions does not completely agree with Eq. (2), because the crack tip 
blunting and the expanded yielding in addition to the plane stress layer near side surface deviate the crack 
tip stress from the ideal singular stress field.  When the relation between wm and fracture mechanics 
parameter, i.e. K(J) is calculated from FEM stress solutions, the slope of fracture toughness, K(Jc) can be 
investigated.  Figure 4 shows the relation of PR with K(J) referring to the wm-K(J) relation obtained from 
FEM stress solutions.  Figure 4 (a), (b) and (c) respectively coincide to the high, the medium, the low YR 
materials, where YR is “yield to tensile ratio”.  In each figure, three values of Weibull shape parameter, 
m=15, 20 and 30 are supposed and Weibull scale parameter, o in Eq. (1) is selected to show that the K(J) 
value in m=20 takes 200MPam
1/2
 for PR=0.5.   In the case of low YR (Fig.4 (a)), Weibull slope is almost 
constant whose value is almost 4 or a little smaller than 4 and it appears to be two-parameter Weibull 
statistics.  However, the Weibull slope in YR of 0.95 (Fig. 4 (c)) is not constant and gradually decreases in 
high K(J) side over 200 MPam
1/2
.  These Weibull slope variations mainly depend on the YR values, in 
other words the strain hardening behavior, not depend on the values of Weibull shape parameter, m.   
(a) Yield to tensile ratio: 0.62                        (b) Yield to tensile ratio: 0.78                        (c) Yield to tensile ratio: 0.95 
Fig. 4.  Weibull slopes variation based on wm-K(J) relation obtained from FEM stress solutions. 
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From only the appearance of Weibull plot, the present experimental trends shown in Fig. 2 are similar 
to Fig. 4 (c).  However, the YR value of the steel tested at -10 or -20
o
C of the steel tested is 0.72, which is 
rather close to Fig. 4 (a).  Considering the correspondences of the elbow points in Fig. 2 on J-R curve 
shown in Fig. 3, the scatter transition from a linear Weibull plot to the bilinear Weibull plot is dominantly 
caused by stable crack initiation. 
Hereafter, it is analytically investigated how to describe the Weibull slope transition before and after 
stable crack initiation.  Considering the wm-K(J) relation after the stable crack initiation, wm can be 
expressed by the partial differential form of a function of K as follows: 
w (K)
m =
w (K)
m
K0
K dK = w (K)
m
K0
Ki dK + w (K)
m
KKi
K dK =C1B K i4 + w
m
a
a
KKi
K dK      (3) 
where Ki is K value for the onset of stable crack initiation.  As the process zone contour shows 
discontinuous growth at the border of Ki, the integration can be divided into two parts.  The first term of 
two corresponds with the wm until stable crack initiation, and it is the same with Eq. (1).  The second 
term means the wm during stable crack extension, and it is regarded as a function of a according to the 
K-R relation in Fig. 3.  When the constant stress field moves ahead with the extending stable crack, wm 
should proportionally increase with increasing a.  This suggests that the term of wm/a in Eq. (3) can 
be taken as a constant.  The experimental J-R curve shown in Fig. 3 also demonstrated that the linear 
approximation did not give an inadequate evaluation.  When the linear J-R curve is assumed, the constant 
dJ/da leads the term of a/K proportional to K.  With the assumptions regarding wm/a and the J-R 
curve as mentioned above, Eq. (3) can be re-expressed as follows: 
w (K)
m =C1  B K i
4
+ C4  B KKi
K dK =C1  B K i4 + C5  B K 2                                                      (4) 
where C4 and C5 are material constants related with J-R curve properties.  Substituting Eq. (4) to Eq. 
(1), the Weibull plot of fracture toughness beyond stable crack initiation is analytically expected to show 
non-linear behavior, which approaches to a linear regression line with the slope of 2 in the large K value.  
Figure 5 schematically explains the expected Weibull plots of fracture toughness on the basis of the 
present model (Eq. (4)) for two materials, Mat-A and Mat-B, with different J-R behaviors.  The Mat-B 
with larger dJ/da shows shorter a than the Mat-A at unstable cleavage fracture, even though the 
specimens of both materials show the same values of K(Ju).  Since wm is assumed to be proportional to 
a in the present model, the Mat-B shows the smaller cumulative fracture probability than the Mat-A. 
Although the linear fitting of the Weibull plots of K(Ju) should be dependent on stable crack properties 
Fig. 5.  Schematic drawing of statistical scatter transition models for two materials with different J-R curves. 
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such as K(Ji) and dJ/da, Eq. (4) suggests that the linear Weibull slope of 2 in the large K(Ju) is 
independent of the material.  For instance, Eq. (4) indicates an approximation to a bilinear Weibull plot, 
whose slope switches from 4 to 2 at the stable crack initiation toughness of K(Ji), which is also shown in 
Fig.5.  Even in this simplified assumption, the statistical transition of K(Jc and Ju)  in Fig. 2 qualitatively 
agrees with the Weibull slope changing from 4 to 2 at the elbow point.  However, the proposed concept 
cannot completely describe the experimental Weibull plots of TP2 at –10
o
C shown in Fig. 3.  The effect of 
constraint loss in the small ligament and the dependence of test temperature on K(Ji) should be considered. 
5. Conclusive remarks 
Fracture toughness data set, which is consisted with K(Jc) and K(Ju), was statistically examined in the 
transition temperature range for a 500 MPa class low carbon steel. 
The scatter of K(Jc) at lower shelf temperature range nearly showed two-parameter Weibull statistics 
with the slope of 4.  However, the scatter of fracture toughness data set in the transition range, which is 
consisted with K(Jc) and K(Ju), showed typical bilinear Weibull plots with elbow points, which caused a 
wider scatter than that at low temperature. The fracture toughness at the elbow points mentioned above 
coincided with the onset of unstable fracture after the stable crack extension of 0.2 mm or 0.3 mm. 
The numerical study based on the parametric FEM analyses reveals that the bilinear Weibull plot of 
fracture toughness can appear in the high YR (low strain hardening) material because of the constraint 
loss effect.  In the low YR  (high strain hardening) material, as is the case of the steel tested in the present 
work, the constraint loss effect hardly reflect on the Weibull plot of fracture toughness. 
As the scatter transition from a linear Weibull plot to the bilinear Weibull plot in the present 
experiments is dominantly caused by stable crack initiation, the analytical investigation to apply the 
Weibull stress criterion to the stably extending crack tip was performed.  In spite of the bold assumptions, 
Weibull slope transition from 4 to 2 at K(Ji) can be lead.  This trend qualitatively agrees with the 
experimental Weibull slope transition. 
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